The acoustic radiation efficiency of a plate carrying concentrated masses has been studied. The variation of the radiation efficiency of a plate occurs due to attaching masses to the plate at frequency range below the coincidence frequency. The reason for the efficiency variation can be interpreted physically by using the conception of volume velocity cancellations. The volume velocities on the plate surface except in the regions near the four corners are canceled out when the plate is uniform, whereas the cancellation of the volume velocities is disturbed around the mass attached on the plate. Attaching a mass increases the radiation efficiency of a plate. In this paper, the approximate expression has been developed for the variation of the radiation efficiency of a plate due to attaching concentrated masses in the case where a large number of modes are excited. Experimental results show that the approximate expression is valid and useful.
Introduction
The present paper reports a study on variation in the acoustic radiation efficiency of a plate caused by attaching concentrated masses. Statistical Energy Analysis (SEA) is a useful method for vibration response analysis for dynamical systems in which many modes are excited. Radiation efficiency is an important parameter when handling problems of noise or acoustic excitation with the SEA method. Maidanik's equation (1) formulates the radiation efficiency of a plate, but it contains a problem of accuracy in practical applications (2) . For example, Maidanik's equation contains a large error when masses have been mounted on a plate, but quantitative study on this problem has not so far been made. References (3) to (5) are studies on the acoustic radiation efficiency of beams or plates with attached masses. Derived in Ref. (5) was an approximate expression for the radiation efficiency of a beam with a concentrated mass in the frequency range below the coincidence frequency, and it has shown that the variation of the radiation efficiency can be interpreted by taking account of volume velocity near the mass point.
In this paper, the conception of volume velocity in Ref. (5) has been applied to the plate model and the radiation efficiency of a plate with concentrated masses has been considered. And an approximate expression for the variation in the radiation efficiency due to mass attachment has been derived and its validity verified experimentally.
Variation in radiation efficiency due to mass attachment
The reason why the radiation efficiency of a plate varies with attachment of a concentrated mass is that, similarly to the case of beam model (5) , the response of the plate near the mass point varies with mass attachment. This variation in the radiation efficiency of the plate takes place mainly in frequency range lower than the coincidence frequency. In these frequency ranges, the so-called corner mode occurs, in which volume velocity is cancelled out on the whole surface of a plate except at the four corners as shown in Fig.1 . Figure 1(a) is for the case of a uniform plate and only the four corners contribute to acoustic radiation. When a mass is attached, on the other hand, volume velocity remaining without cancellation is produced near the mass point due to reduction of the response of the mass point as shown in Fig.1(b) in which a mass is attached at the center of the plate. This volume velocity near the mass point increases the radiation efficiency of the plate. 
Influence of concentrated mass on radiation efficiency
Acoustic power, W, radiated from a continuous body can be considered to be a problem of acoustic radiation from plural monopoles, and obtained with the following formula (1) 
where V i is the volume velocity of the i th monopole, R i j is coefficient to represent intensity of interference between two monopoles, i th and j th, and is given as follows when having an infinite baffle, 
where ρ 0 and c 0 are the density and the sound velocity of the medium, respectively, k is the wave number (= ω/c 0 ), ω angular frequency, r i j the distance between two monopoles of the i th and j th, and N number of monopoles.
The acoustic radiation of a uniform rectangular plate with infinite baffle in the corner mode (namely, let us consider acoustic radiation into hemispherical field) can be replaced with radiations from four monopoles corresponding to four corners of the rectangular plate. Now consider the case when the plate is simply supported along four sides; then the mode function of the rectangular plate of length l x and width l y can be expressed as 
Similarly, the volume velocities of monopoles ②, ③ and ④ can be estimated as 
where l xy = (l x 2 + l y 2 ) 1/2 is diagonal length of the plate.
The radiated power from a plate with a concentrated mass at the center is considered next. The velocity of the plate, U(x, y), can be expressed by using the mode function of a beam with a concentrated mass at the center (5) as follows:
where
Where β mξ is the value determined by the order of the mode, which can be written as here, m ξ is an odd number and ε mξ is bounded 0 < ε mξ < π/4. It is in the case when both m x and m y are odd numbers that the mode function is expressed as Eq. (5), and mode functions in other cases become identical to that of a uniform plate.
Because the variation in the response of the plate caused by mass attachment can be considered to be limited to proximity of the mass point, the volume velocity that is not cancelled but remains near the mass point can be estimated, similarly to the case of beam (5) , 
Accordingly, the acoustic power radiated from a plate with a concentrated mass can be expressed as follows as the acoustic radiation from five monopoles that comprise four corners and the proximity of the mass point as in Fig.1(b) . Since the influence of a concentrated mass does not appear except in modes in which both m x and m y become odd number, the acoustic power radiated from these modes is expressed with Eq.(4). On the other hand, the following expression is a reasonable approximation for high-order modes, 
Besides, the spatial average (mean square) velocity of the plate is approximately given by (5) 
Here, the mark ￣ denotes time average of the square and 〉 〈 spatial average. here, P corner is the term expressing contribution from the corner mode while P mass is that from proximity of the mass point, and they are respectively expressed as follows: In the derivation of Eq.(10), it is provided that the influence of attaching a mass does not appear except in modes in which both m x and m y become odd number. In practice, the inertia moment of the mass affects the response of a plate with the mass in modes in which m x or m y is odd number. However, this influence hardly affects the radiation efficiency of the plate because the volume velocities which are caused by the variation of the rotational response around the mass are almost canceled out. . Equation (16) shows that there is a maximum of a fivefold increase in the radiation efficiency of a baffled plate in the case that a mass is attached.
Approximate expression for influence of mass attachment
Equation (16) expresses that radiation efficiency varies with the change by g c in the response of the mass point. This effect is not affected by the presence of the baffle. Although Eq.(16) has been derived with respect to the case that a mass was attached at the center of a baffled plate, if the mass point is sufficiently apart from the boundary as compared with vibration wavelength, the value of g c does not depend on the position of the mass point (6) . Also, because the variation in plate response caused by mass attachment has been limited to proximity of the mass point (6) , even when plural mass attachments are there, the increase of the radiation efficiency due to each mass attachment is considered to be expressed with the second term in the right side of Eq.(16). Therefore, the radiation efficiency, σ mass , of a plate with N concentrated masses can be expressed independently from the presence of a baffle as follows: 
Here, σ 0 is the radiation efficiency of the plate without mass attachment.
Experiment
The validity of Eq.(17) representing the variation in the radiation efficiency due to attaching concentrated masses has been verified experimentally.
Procedure of verification
First of all, the loss factor, η p , of the plate and the radiation efficiency, σ 0 , without mass attachment (now, of uniform plate) are actually measured by means of the relationship of the following two equations:
Finally, The validity of Eq.(17) can be verified by comparing the value of 〉 〈 2 ω ∆ v predicted from Eqs.(17) and (19) with the actually measured value from the acoustical excitation experiment for a plate with concentrated masses.
Experimental arrangement
A schematic diagram of the experimental set-up is illustrated in Fig.2 . The aluminum plate is suspended by four rubber bands in a non-rectangular reverberation room of volume 245 m 3 . The dimensions of the plate are 1200 x 800 x 2 (in mm) with mass of 5.2 kg.
Measurements were made for two different cases; a weight mass of 210 g attached to point A and four mass weights of 210 g each to the four points, A, B, C and D, shown in Fig.3 . Excitation of the plate was conducted in both ways; mechanical excitation with an exciter at point E in Fig.3 and acoustical excitation with a loudspeaker. The plate response was measured at points 1, 2 and 3 in Fig.3 and attached mass points. Four small accelerometers of 2 g mass each were used to detect the response of the plate (one of them for the measurement of the mass response). The exciter and speaker for acoustical excitation were driven by band noise of one-third octave and acceleration measurement was also conducted by measuring the value of averaged energy in the one-third octave band. The coincidence frequency of the test plate is approximately 6 kHz. Figure 4 shows the results of the mechanical excitation experiment when the number of the attached masses is zero, one and four. The ordinate is a normalized value representing acceleration response per unit of force. Only the average levels of the three response points (points 1, 2 and 3) are indicated in the figure. As shown by the figure, the difference caused by existence of attached mass and number of masses is slight. The result of the acoustical excitation experiment for the uniform plate is shown in Fig.5 , in which the ordinate is a normalized value representing acceleration response per unit of sound pressure. The responses of all three points are almost the same in frequency bands above 315 Hz band where the number of excited modes becomes more than ten. Figures 6 and 7 show the loss factor, η p , and the radiation efficiency, σ 0 , of the plate without mass attachment obtained by substituting the experimental values in Figs.4 and 5 into Eqs.(18) and (19). Solid line in Fig.7 shows the radiation efficiency of a baffled plate given by Maidanik's formula (1) . Because the test plate has no baffle, the radiation efficiency is much smaller than that of a baffled plate. The comparisons of predicted results and acoustical excitation experimental results for the response level of the plate with masses are shown in Figs.8 and 9 . The predicted results were obtained from Eqs.(17) and (19) using the loss factor, η p , and the radiation efficiency, σ 0 , of the uniform plate shown in Figs.6 and 7. Figure 8 shows the case that a weight mass of 210 g was attached at point A, and Fig.9 the case that it was attached at four points, A, B, C and D. Experimental results in both cases show that predicted results are reasonable and that Eq.(17) is a valid and useful expression for estimating the variation of the radiation efficiency of a plate with masses. The radiation efficiency of a plate varied greatly even in the case of attaching a weight that is light relative to the plate. 
Experimental result

Concluding remarks
The radiation efficiency of a plate with concentrated masses has been studied in the frequency range lower than the coincidence frequency. The approximate expression has been derived for estimating the variation of the radiation efficiency caused by mass attachment. In the derivation of the expression, it is provided that a large number of modes are excited and that each mass point is sufficiently apart from the boundary of the plate and the other mass points as compared with vibration wavelength. The experimental results show that the derived expression is valid and useful. The following conclusions have been reached.
(1) The variation of the radiation efficiency of a plate caused by mass attachment can be estimated with the second term in the right side of Eq.(17). (2) The radiation efficiency of a plate increases by attaching mass. In the case of a baffled plate, a maximum of a fivefold increase in the radiation efficiency is brought about by the attachment of a single mass. Large variation occurs in the case of an unbaffled plate. (3) The increase in radiation efficiency is attributable to the change of cancellation pattern of volume velocity due to reduction of mass point response brought about by attaching a mass.
